Abstract: Recent researches showed that the traditional ghost imaging (TGI) using pseudothermal light can be affected by the solid scattering material placed between the object and the light source. This scattering case might also affect the computational ghost imaging (CGI) and is considered in this paper. Different from the TGI system modeled by Huygens-Fresnel theory in continuous coordinates, in CGI the use of computer-generated patterns with the controllable size (d) of each pixel discretizes the object space into the d-based pixel-grids. Therefore, how the CGI system is affected by the scatters depends on the distribution of the scattered light on these discretized grids instead of in continuous coordinates, which has not been explored. In this paper, we demonstrate that the "anti-scattering" capacity of CGI is governed by the discrete point-scattering-function (DPSF) that is determined by could be achieved with maintaining the behavior of "scattering-free".
, but can be highly restrained as d increasing to be comparable to w 0 2 or larger. Furthermore, d determines the spatial resolution power of CGI. In the given CGI system, the minimum d of ∼
Introduction
Quantum imaging (Ghost imaging) [1] , verifying the spatial correlation between the entangled photon pair, leads to a new world in which array detector is not necessary to detect the intensity of the reflected (or transmitted) light from the object. Based on the quantum imaging system, a series of related areas are researched such as imaging of biological tissue [2] , quantum spiral imaging [3] , phase-contrast microscope using quantum light [4] , and low-light-level imaging [5] , [6] . Except using quantum source, in the last decade, the rapidly growing field of ghost imaging (GI) with pseudothermal light (called traditional ghost imaging (TGI)) [7] - [11] has emerged as a reliable method to retrieve information of an object from coincidence statistics. Recently, computational ghost imaging (CGI) [12] , [13] also plays a major role in the field of correlated imaging. The CGI system, using the spatial light modulator (SLM) or digital micro-mirror device (DMD), projects a series of computergenerated patterns on the object, which removes the need of the reference-path in TGI. CGI has been used in the single-pixel 3D imaging [14] , depth imaging [15] , [16] , detecting the gas leak [17] and extending the depth-of-field of imaging system using the "non-diffractive" speckle [18] .
GI is particularly interesting due to the usage of a bucket detector, which makes it advantageous for imaging an object in harsh or noisy environments. The influence of atmospheric turbulence on GI has been studied extensively by means of the extended Huygens-Fresnel integral with both classical and quantum approaches applicable in the Rytov and Kolmogorov models [19] - [22] . For the scattering in the atmosphere, Bina et.al. [23] showed that in Rayleigh scattering (diameter of the scattering particles in size of 50 nm), GI will not be affected. In [24] , Y. Xu et.al. showed the high contrast of GI in Mie scattering (diameter of scattering particles in size of 3.26 μm). These works suggest that the scattered light caused by the floating particles in the atmosphere will not correlate with the reference pattern and GI is immune to the scattering in the atmosphere.
Researchers are also intrigued by the case of solid scattering environment. In TGI and CGI, "scattering-free" imaging can be obtained [25] - [27] with the scatters located between the object and the detector, because the scatters only decrease the energy collected by the bucket detector without breaking the spatial correlation. On the other hand, when the scatters are placed in the reference path or between the object and the source, the reconstructed image in TGI is significantly blurry [27] as the spatial intensity correlation is affected. In this case, CGI might also be influenced, but its imaging behaviors and the corresponding analyzing method are different from the ones in TGI.
In TGI, the imaging process is modeled by the Huygens-Fresnel diffraction theory in continuous coordinates [27] , [28] . The spatial resolving power of TGI relies on the transverse coherence length of the pesudo-thermal speckle generated by hitting a beam of laser onto a ground glass. However, in the CGI system, the binary masks with controllable size(d) of each pixel (such as Hadamard matrix [17] ) are usually used to measure the object. More importantly, the use of binary masks discretizes the reflective or transmissive information of the object into the d-based pixel-grids [29] . Therefore, the behavior of CGI with the scatters placed between the source and the object highly depends on the distribution of the scattered light on the discretized pixel-grids rather than in continuous coordinates, which has not been fully explored yet.
In this paper, we considered the case that the scatters are located between the source and the object. The discrete point-scattering function (DPSF) is introduced to denote the intensity distribution of diffused light on the d-based pixel-grid. We demonstrate that the "anti-scattering" capacity of the CGI system is controlled by the DPSF which relies on 
Methodology

Discrete Point-Scattering-Function (DPSF)
Suppose the PSF of the scattering media obeys Gaussian distribution, marked by h (x) with the FWHM (full width at half maximum) σ and the width w 0 [see Fig. 1(a.1) ]. When a pencil beam (width d, denoting the size of each pixel of generated pattern of the CGI system) of intensity I i n (x) illuminates the media, the intensity of the diffused spot on the output plane is given by I out (x) = I i n (x) * h (x), where the symbol * denotes the convolution calculation [see red line in Fig. 1(a.2) ]. To meet the requirement of the CGI system, the scattering light is discretized by length d [the blue dash lines of Fig. 1(a. 2)] and the normalized intensity distribution of each segment is shown in Fig. 1(a.3) . 
Here, the one-dimensional vector 
Clearly, N , the half width of DPSF C, reflects the strength of scattering after discretization, and the coefficient C 0 indicates the proportion of the energy of the "ballistic" component in the diffused light. As d
, the non-zero coefficients of DPSF extend to the positions far from the center, which leads to a strong scattering effect [see Fig. 1 , N is fixed, but C 0 increases with a growing d, which makes the DPSF a delta-like function [see Fig. 1(b. 3)]. These two factors are important to govern the capacity of "anti-scattering" of the CGI system, which will be discussed in next section.
Imaging Model of CGI in the Scattering Material
As shown in Fig. 1(c) , the CGI system comprises a closely assembled configuration of the media that could be commonly encountered in medical imaging and biological tissues. Here, we start from the one-dimensional case with the media placed between the source and the object. A series of P patterns with the resolution of 1 × M pixels, where each pattern is in the form of
T , are projected on the scattering media with each pixel in the size of d. A transmissive object T is located closely to the output plane of the media with the transmittance ratio
T . Here, in order to distinguish with the position subscripts of DPSF C, x 1 . . . x M are used in the R and T to denote the d-based discretized transverse positions of the input plane of the media. Suppose the light experiences a low scattering angle and the dimensions of the media typically range from micrometers to millimeters. A short propagation distance regime is considered so that the subscripts x 1 . . . x M in the R and T represent the same transverse positions. The bucket detector collects all the light passing through the object. The reconstructed image G is given in (3)
where p means the p -th pattern, S indicates the value of bucket detector and . . . indicates the assemble average over the P displayed patterns. Suppose the DPSF of the scattering media is expressed as
, and the intensity on the output plane of the scattering media I (p ) S is governed by (4)
where ⊗ denotes the discrete convolution, k = 1 − l, and l denotes the ratio of energy loss caused by the backscattering or absorbing in the media. The diffused light passes through the real-valued object T and is collected by the bucket detector with the value is shown in (5)
where
S on the position x i . Here the autocorrelation function of the generated pattern is ignored in order to simplify the analysis [10] . Substituting (5) into (3), the reconstructed image at a certain point on the object (take x r as an example) is given by (6) .
where σ 2 P denotes the variance of the intensities of the projected patterns at x r . It is clear from (6) that the reconstructed image at x r can be regarded as a weighted superposition of the center pixel (T (x r )) and its neighbors(T (x r −N ) ..T (x r −1 ) , T (x r +1 ) , ..T (x r +N )) with the corresponding C coefficients. Of course, the one-dimensional case can be transformed to the two-dimensional case, as shown in (7),
where x r ,r plays the same role of x r in (6) and i , j denote the neighboring positions in horizontal and vertical directions respectively. As shown in (6) and (7), one-dimensional and two-dimensional cases follow the same rules. In order to simplify the analysis, we only consider the one-dimensional case in this paper. As the discussion shown in Section 2.1, the key parameters N and C 0 of C rely on , a relatively large N leads more pixels surrounding x r involved into G (x r ), whilst a low C 0 means that T (x r ) makes a small contribution to G (x r ), which causes the reconstructed image blurry. As d → w 0 2 , a lower N and a growing C 0 increase the proportion of T (x r ) in G (x r ), which restrains the blurring effect on the reconstructed image efficiently. It is obvious that, as d > w 0 2 , the CGI system is close to "anti-scattering" with an increasing d.
However, a relatively large d may lead to the reduction of the spatial resolving power. The reason is shown as follow. From the (6), an discretized object T (x r ) can be expressed as T (x r ) = (Note that x denotes the physical transverse coordinate as shown in Fig. 1(a.1 ). x r denotes the index of the d-based discretized transverse positions on the input plane of the media). Assume that the required length scale characterizing the variations of the object is l 0 . When d is much smaller than l 0 , the averaging effect could be neglected. However, as d increases to be larger than l 0 , the object's detail in the size of l 0 cannot be distinguished. Thus l 0 should be the upper boundary for the choice of d. On the other hand, for a specific application, the capacity of scattering tolerance is fixed, which corresponds to the maximum spreading of DPSF with which CGI system could be regarded as "anti-scattering" in this application. It leads to the lower boundary of d in a given condition. These two boundaries could be applied to the practical applications to select a suitable d. In this paper, we are interested in the minimum d with the fixed w 0 and l 0 to balance the spatial resolving power and the capacity of "anti-scattering".
Experiment
In this section, we demonstrate the behaviors of CGI with scattering material. Again, as onedimensional and two-dimensional cases can be explained similarly [see (6) and (7)], the onedimensional binary objects (single slit and double slits) are considered to simplify the experiments. Fig. 2.(a.1) shows the experiment system of measuring the DPSF of the scattering media. A collimated beam (Gaussian TEM00 mode) illuminates on the phase-only SLM (HOLOEYE-Pluto) that is placed at the input plane (back focal plane of a lens L1) of 4f-system composed of L1 and L2. A series of M binary patterns are displayed on the phase-only SLM. Each pattern contains a pixel [as shown in Fig. 2(a.2) , each pixel on the displayed patterns contains H × H controllable liquid crystal units of SLM. Each unit is in the size of ∼ 9 μm], which projects a light spot (d-by-d mm) on the input plane of the scattering media. In order to reduce the effect of the anisotropy of the Fig. 2(a.2) ]. The images of the scattered light on the output surface of the media are re-imaged by the Electron Multiplier Charge Coupled Device (EMCCD, Andor Luca S 658 M. Each EMCCD's pixel is in the size of ∼ 10 μm) with the 4f-system composed of L3 and L4 and averaged to calculate the DPSF of the scattering media. Fig. 2 (b.1) shows the CGI setup with the solid scattering media. The CGI system is similar to the one shown in the Fig. 2(a.1) . A series of P random binary patterns (one-dimensional) are displayed on SLM, where each pattern contains M pixels (again each pixel is comprised of H × H controllable liquid crystal units of SLM.) with a black-to-white ratio of 1:1. The object is close to the output surface of the scattering media and the transmissive light is collected by the bucket detector. Note that to compensate the energy loss (such as reflection or backscattering) in different scattering cases, we also use the EMCCD as the bucket detector by setting its gains.
Schematic
In order to compare the behaviors of CGI in scattering media with different DPSF, two values of d (0.045 mm and 0.18 mm) are considered with the corresponding parameters (including the size of H, d, and the focal length of the lens) given in Fig. 2(c) . Fig. 3 shows the DPSFs with different values of d in the solid scattering media. Three cases are considered including one, two and three layers (Thorlabs: DG10-600) indicated by case 1, 2 and 3 respectively as shown in the top of Fig. 3 . Due to the loss of energy caused by the reflection of scattering layers, the gains of EMCCD are set to 1, 100 and 220 respectively to ensure the identical k [see (4) ] in these three cases, which means the energy of the captured light by EMCCD in three cases are approximately equal. As the one-dimensional scattering case is considered, an optical stop is inserted between layer 2 and 3 to block the light in unwanted directions (see the pink bar in case 3). The patterns used to measure the DPSF are in the same direction as the optical stop. The width N w of DPSF, referring to the DPSF's central area that contains 90% scattering light, is used here instead of half width N , because the measured DPSF is not completely symmetric.
DPSF
First, Fig. 3(a.1)-(a.3) show that the DPSFs in the three scattering cases with d = 0.045 mm that the smallest light spot the given system can create. The corresponding C 0 and N w of the three cases are shown in blue lines in Fig. 3(c) and (d) . The width of diffused light N w is approximately proportional to the growing number of layers, from 6 pixels in case 1 to 16 pixels in case 3. According . The C 0 of DPSF gradually decreases by a factor of 2 3 , from ∼ 0.3 in case 1 to ∼ 0.09 in case 3.
Second, Fig. 3 ), the elements containing the most energy of DPSF concentrate in the center, which will agree our analysis in Section 2.1 and will benefit the CGI system to achieve the capacity of "anti-scattering". Fig. 4 shows that the reconstructed images of CGI with the solid scattering media. The experiment setup is shown in Fig. 2(b.1) where the size of d and the scattering cases follow the corresponding parameters in the experiment of measuring the DPSF in Section 3.2. The objects used here are single slit and double slits. As d = 0.045 mm, the lengths of the light-transmitting portions of the single and double slits are 0.27 mm and 0.33 mm respectively [see insets of Fig. 4(a.1) and (a.2) ]. As d = 0.18 mm, the objects (single slit and double slits) are approximately magnified 4 times as 2)] in order to maintain the transmitting ratio of the object [9] . All images are reconstructed from 7500 patterns. , the shapes of the object have been preserved well, although a slight distortion happens at the edge of the object. With an increasing number of layers, the scattering phenomenon significantly affects the CGI system. For example, in case 3, the width of the slits in reconstructed images with , whilst the widening of the edges of the slits in the reconstructed images are also slight even in the media with the strongest strength (case 3 with d = 0.18 mm) . Fig. 4 shows the behaviors of CGI in scattering media highly depend on the corresponding DPSF that is governed by ), the DPSF with relatively wide spreading causes a distortion on the slit's edges in the reconstructed images. However, when d rises to be comparable to w 0 2 or larger, the blurry effect on the reconstructed image is suppressed. The important issue we concern is the minimum d with which the system could achieve the "anti-scattering" in the given condition. Here, the reconstructed objects are preserved well with 
CGI in Scattering Media
Limitation of the Large d on Spatial Resolving Power
Finally, we study the limitation of the large d on spatial resolving power. The experiment system follows the one used in Fig. 4 . The single slit shown in the inset of Fig. 4 Fig. 5(a)-(d) are reconstructed from 7500, 2500, 1250, and 800 patterns respectively. According to Fig. 5 , it can be seen that as d increases from 0.045 mm to 0.135 mm, the scattering effect is reduced. In Fig. 5(b) , the two bars in the object area hold the highest intensities and the spreading only happens in very neighboring places as compared to Fig. 5(a) . As d increases to 0.27 mm, a single bar with the highest intensity appears with the neighboring intensities significantly lower. The width of the central bar in Fig. 5(c) reflects the width of the object. However, as d keeps increasing to 0.405 mm, the reconstructed image [as shown in Fig. 5(d) ] is similar to the one in Fig. 5(c) , but the detail of the object cannot be distinguished as the current d is larger than l 0 of the object [see the insets of Fig. 5(c) and (d) ]. For example, one cannot estimate the width of the object by the width of the highest bar in Fig. 5(d) without errors, which verifies that the size of l 0 limits the upper boundary of growing d.
Conclusions
In summary, we have shown that the capacity of "anti-scattering" of the CGI system is related to the DPSF of the scattering media that are located between the source and the object. The DPSF is highly determined by the factor
, the significant blur of the reconstructed object at the edge is visible. However, as d increases to be comparable to w 0 2 or larger, the scattering effect on the reconstructed images can be reduced sufficiently. We have shown experimentally that the minimum d can reach ∼ w 0 5 in the given system to maintain the capacity of "anti-scattering". We also show that the upper boundary for the growing d is l 0 .
There are two limitations of the proposed method. First, the prior knowledge about l 0 of the object and w 0 of the scattering material are required to choose a suitable size of d, which might affect the efficiency of applying this method in some unknown environments. Second, a relative extreme condition should be considered. For a specific application, assume that there is the minimum d (marked by d mi n ) with which the scattering effect could be generally reduced. However, if there exist a special object whose l 0 is smaller than d mi n , our proposed method does not work.
We note that the deconvolution has the advantage of performing the linear process, which has been widely studied in the field of computer vision [31] - [33] . This provides a way to optimize the trade-off between the spatial resolving power and the capacity of "anti-scattering". On the other hand, the idea of DPSF in our proposed method can be easily applied to two-dimensional cases as shown in (7) . In practical applications, the CGI system has been used in the remote imaging in free space where the spatial resolving power could be affected by the atmosphere turbulence [19] , [34] . If only the intensity information of the remote object is concerned, our research could be helpful to achieve the "turbulence-free" ghost imaging system by controlling the value of Based on the previous discussion, it is clear that w 0 is the essential factor in determining the size of d. Various research groups have shown that w 0 is of the order of the thickness of the diffusing slab [35] , [36] , which could be a criterion for designing a "scattering-free" CGI system. For example, for the life-sized object [14] , l 0 could be in millimeter-level, which means d is possible to be increased to the same level. On the other hand, based on the analysis in this paper, as d → w 0 2 the scattering effect could be reduced and the length of w 0 is in the same order with the thickness of the diffuser. Therefore, it could be inferred that the CGI system might have potential to achieve "anti-scattering" image with the diffuser in millimeter-level. Of course, this method could be also used in the field of imaging through the biological tissue. The thickness of the tissue and the size of the biological object should be considered to choose a suitable d.
Note that except the strong scattering, another reason for the spreading w 0 could be the diffused light propagating from the output plane of scattering layer to the object. This could be reduced by re-calculating the projected patterns from the prior knowledge of the location of the object [13] . We have demonstrated the capacity of anti-scattering in CGI by dynamic enhancement of DPSF and this can be extended to a number of real-world situations with projection-pattern-based reconstruction techniques.
